We propose to use transformation optics to generate a general illusion such that an arbitrary object appears to be like some other object of our choice. This is achieved by using a remote device that transforms the scattered light outside a virtual boundary into that of the object chosen for the illusion, regardless of the profile of the incident wave.
As the saying goes, "seeing is believing." Throughout history, witnessing with the eyes has been used as proof of existence or as evidence. On the other hand, the effects of illusions, such as mirages, have been well known to lead people to draw incorrect conclusions, sometimes with dire consequences. Recently, the rapid development of transformation optics has enabled the design of new materials that can steer light along arbitrary curves and the implementation is made possible by a new kind of manmade materials called metamaterials [23] [24] [25] [26] [27] . Among various novel applications, the most fascinating is a cloaking device designed to bend light around a concealed region, rendering any object inside the region "invisible" [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Cloaking can be regarded as creating an illusion of free space. In this paper, we discuss a more generalized concept of illusion: making an object of arbitrary shape and material properties appear exactly like another object of some other shape and material makeup. Using transformation optics, we design an illusion device consisting of two distinct pieces of metamaterials, which are called the "complementary medium" and the "restoring medium". The complementary medium concept, which was first proposed by Pendry et al. to make focusing lenses [28, 29] , is applied here to "cancel" a piece of space optically, including the object [21, 22] .
Then, the restoring medium restores the cancelled space with a piece of the illusion space that is embedded with the other object chosen for the illusion. Regardless of the profile and the direction of the incident light, the illusion device can transform the scattered light outside a virtual boundary into that of the second (illusion) object; it therefore creates a stereoscopic illusion for any observer outside the virtual boundary.
The principle behind this illusion device is not light bending, but rather the exact cancellation and restoration of the optical path of light within the virtual boundary.
Unlike previous light-bending cloaking devices [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , the constitutive parameters of the illusion device do not have a complex spatial distribution or any singularities. More surprisingly, the illusion device works at a distance from the object. An interesting implication of this "remote" feature is the ability to open a virtual aperture in a wall so that one can peep through walls in a noninvasive manner. By making an illusion of a "hole" in a wall, one can see through the wall as if the wall has actually had a hole, and for this purpose, monochromic functionality is sufficient.
A simple schematic diagram illustrating our idea is shown in Fig. 1 . In Fig. 1(a) , an illusion device is placed next to a domain that contains a man (the object). The passive device causes any observer outside the virtual boundary (the dashed curves) to see the image of a woman (the illusion) inside the illusion space depicted in Fig. 1(b) . We will show that we can design such an illusion device, which makes the electromagnetic fields outside the virtual boundary in both the real and illusion spaces exactly the same, irrespective of the profile of the incident waves. A blueprint for the device is shown in Fig. 1(c) , in which there are two regions. Region 2 includes the "complementary medium" used to annihilate the optical signature of the man and region 1 includes the "restoring medium" that creates the image of the woman. Both media are designed using transformation optics [1] [2] [3] [4] . The complementary medium is formed by a coordinate transformation of folding region 3, which contains the man, into region 2. The restoring medium is formed by a coordinate transformation of compressing region 4 in Fig. 1(d) , which contains the illusion, into region 1. The permittivity and permeability tensors of both media in the illusion device can be expressed as:
H on the other part of the virtual boundary, i.e., surface d (the blue dashed curves), as long as d is not changed during transformation B . Therefore, the tangential components of the electromagnetic fields on the whole virtual boundary (including c and d ) are exactly the same in the real and illusion spaces, and, consequently, by the uniqueness theorem, the electromagnetic fields outside are also exactly the same. Any observer outside the virtual boundary will see electromagnetic waves as if they were scattered from the illusion object (the woman and nothing else),
and thus an illusion is created. A detailed proof is provided in the Auxiliary Material [30] .
In the following, we describe full wave simulations using a finite element solver The illusion device in Fig. 2(b) is composed of four parts. The lower trapezoidal part is the "complementary medium" formed by a simple coordinate transformation of
. It is composed of a negative index homogeneous medium of The complementary medium is obtained from the transformation optics of folded geometry (see, for example, Leonhardt et al. [10] ). It is composed of left-handed metamaterials with simultaneously negative permittivity and permeability. The medium can be isotropic if we apply a transformation of
This kind of metamaterial has been extensively studied in the application of the superlens [28] , and it has been fabricated by various resonant structures at various frequencies [23] [24] [25] [26] [27] . The other key component of the illusion device is the restoring medium, which projects the optical illusion of the metallic cup. It is composed of the homogeneous medium with positive but anisotropic permeability. This kind of medium can be designed from layer-structured metamaterials [15] .
We note that some special illusion tricks by image projection using transformation optics have been discovered, such as the shifted-position image of an object inside a metamaterial shell [16] , the cylindrical superlens [17] , the "superscatterer" [18] , the "reshaper" [19] and the "super absorber" [20] . Recently, we proposed an approach to realize "cloaking at a distance" by using an "anti-object" [21, 22] . Here, by combining the "anti-object" cloaking functionality and the image projection functionality, we achieve a general form of illusion optics such that an object can be disguised into something else and the illusion device itself is invisible. This general form of illusion optics with arbitrary shape and generalized topology is proved mathematically as it is designed with transformation optics and the functionality is also demonstrated numerically. From a multiple scattering point of view, the illusion optics is in fact rather remarkable as it is by no means obvious that the anti-object cancelling and the image projection functionality do not obstruct or interfere with each other.
Another interesting application of our illusion device is that it enables people to open a virtual hole in a wall or obstacle. As our illusion device works at a distance from the object, it is capable of transforming only one part of an object into an illusion of free space, thus rendering that part invisible while leaving the rest of the object unaffected. By making one part of the wall invisible (i.e., making an illusion of a "hole"), we can then see through the wall and obtain information from the other side. In Fig. 3(a) , we see that a penetrating through a real hole, as shown in Fig. 3(c) . Thus, an observer on the right side can peep through the virtual hole as if he/she is peeping through a real hole at the working frequency of the illusion device. The constitutive parts of the illusion device are similar to that in Fig. 2(b) and described in detail in the Auxiliary Material [30] . Similarly, an object hidden in a container can be completely revealed by using the illusion optics to change the container into an illusion of free space. This is also demonstrated in the Auxiliary Material [30] .
In principle, the illusion optics allows us to remotely change the optical response of an object into that of any other object chosen for illusion at a selected frequency, without the need to change the constituents and shape of the true object or even cover its surface.
This opens up interesting possibilities. For instance, an illusion waveguide or photonic crystal would allow the control of light propagation in actual free space; an illusion tip might perform near-field scanning optical microscopy without physically approaching a surface. However, the theoretical foundation of the illusion device is transformation optics and, as such, our theory relies on the validity and accuracy of a linear continuous medium that describes the homogenized electromagnetic fields in metamaterials. This requirement is crucial in the interface between the complementary medium and the "cancelled" object due to the high-intensity local fields as well as rapid oscillations there.
The range of the virtual boundary also plays an important role. When it is large, the field at the boundary will be large as well. Another issue that we have not considered is loss, which will degrade the illusion effect unless the object is close to the device. If these issues and challenges can be solved with advances in metamaterial technologies, we should be able to harness the power of transformation optics to create illusions. Both real and illusion spaces share the same virtual boundary (dashed curves). 
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Part A: A rigorous proof of the illusion optics in 3D by transformation optics
We shall prove here that by using the complementary medium and the restoring medium designed from transformation optics, we are able to transform an object into an illusion of another object of our choice. Both the object and the illusion can be anisotropic and/or inhomogeneous.
Consider the configuration depicted in with each point on surface c being mapped to a point on surface a in a one-to-one and continuous manner, and each point on surface b being mapped back to itself. Here,
is the Jacobian transformation tensor of the folding transformation. From transformation optics, the electromagnetic fields of region 2 and 3 are related by 
A E E A H H (3)
It can be shown that the boundary conditions on surface b are fulfilled. By exploiting our freedom to select the parametric coordinate w such that surface b is a constant level surface of (2) w and (3) w , we have on surface b:
Furthermore, since each point on surface b is being mapped back to itself, the parametric coordinate ( )
, u v can be chosen to exactly coincide with ( )
, u v on surface b, which gives on surface b
0,
Substituting Eqs. (4) and (5) into Eq. (2), we obtain, on surface b,
1 0
Using Eqs. (3) and (6), it can be shown that the boundary conditions on surface b are fulfilled:
, , , .
We next consider the mapping of surface c to surface a in real space. On surface a and on the side of region 2, we can again exploit our freedom to choose the parametric coordinate such that surface a is a constant level surface of (2) w , and similarly surface c is a constant level surface of (3) w , such that, on surface a,
The transformation Jacobian is then ( )
0 0
Using Eqs. (3) and (9), we obtain the relations of the tangential fields on surface c in real space and surface a as:
,
and the expressions of the magnetic fields are similar.
On the other hand, region 1 is composed of the restoring medium with solutions H are the solutions in real space, they must satisfy the boundary condition on surface a. Accordingly, the transverse component of
(1) E and
(1) H equals that of (2) E and (2) H on surface a , respectively:
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Substituting Eq. (11) into Eq. (10), we obtain (3) (1) (1)
(2) (2) (3) (1) (1) (3)
and the expressions of the magnetic fields are similar. We note that the dielectric properties of region 1 are determined by the coordinate transformation of compressing region 4 in the illusion space into region 1:
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with each point on surface c being mapped to a point on surface a in a one-to-one and continuous manner, and each point on surface d being mapped back to itself. Here
(1) (1) (1)
is the Jacobian transformation tensor of the compressing transformation. The electromagnetic fields in the restoring medium can also be obtained from transformation optics:
On surface a and on the side of region 1, the transformation Jacobian is
, .
Since both A and B map surface c to a, we can always choose A and B such that they map the same point on surface c to the same point on surface a. Accordingly, Eq. (20) can be fulfilled. With that, we have proved that the tangential fields on surface c are the have disguised the object into the illusion and thus completed our proof.
We note that while our proof here is for three-dimensional geometries, it can be easily generalized to two dimensions. Moreover, it can also be generalized to the case in which the illusion device does not share a part of its boundary with the virtual boundary, i.e. surface d, as Fig. A3 shows. In this case, the restoring medium is completely surrounded by the complementary medium. under various kinds of incident waves to show that the device functionality is independent of the form of the incident waves. From these numerical simulation results, it can be clearly seen that the illusion optics effect is independent of the incident angle and profile of the incident waves.
Part C: Description of the illusion device demonstrated in Fig. 3(b) , and a numerical simulation of revealing an object hidden inside a container.
The illusion device in Fig. 3(b) is composed of four parts. The left trapezoidal part in contact with the wall is the complementary medium with 
